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Abstract 

We prove that if a Cartesian product of alternating groups is topolog- 
ically finitely generated, then it is the profinite completion of a finitely 
generated residually finite group. The same holds for Cartesian producs 
of other simple groups under some natural restrictions. 



1 Introduction 

Given a profinite group © it is generally a difficult question to determine if there 
exists a finitely generated residually finite group G such that © is isomorphic 
to the profinite completion G of G. If this is the case, we then say that is a 
profinite completion. 

Of course for this to happen it is necessary that is topologically finitely 
generated but not much is known beyond that. Dan Segal IB] has proved that 
any collection of nonabelian finite simple groups can appear as the upper com- 
position factors of such a © G. In his examples the group G is a branch 
group, i.e., a subgroup of the automorphism group of a rooted tree with some 
nice 'branching' properties. 

Not all finitely generated profinite groups are profinite completions. The 
argument in |P 6.2 shows that: 

Example 1. For each d € N and every infinite sequence of primes pi,p2,. ■ ■ 
the 2-generated profinite group YiiZi SLrf(Fp. ) is not a profinite completion. 

On the other hand Laci Pyber 7 has found examples of profinite completions 
of the form 



© = Z X J]^ Alt( 



where the sequence {f{n)} satisfies some mild growth conditions, in particular 
f{n) can be all 1 or all nl. 

It is the nature of these examples that they always have a direct factor Z 
and one might wonder if this is inevitable. This was disproved by M. Kassabov 
using ideas from [5] and ^ who found a dense finitely generated subgroup of 
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^lt(^) which has property r and with profinitc completion 

oo 

{G f X II A\t{n), G = SL3{¥p[t, r^]). 

n— 5 

In this note we show that for a Cartesian product of alternating groups the 
obvious necessary condition for being a profinite completion is also sufficient, 
i.e.: 

Theorem 2. // a Cartesian product (S = J1^5 Alt(n)-^("'' of alternating groups 
is topologically finitely generated then it is a profinite completion. 

We obtain this as a corollary of the following more general result. First, a 
definition: 

Definition 3. For a finite simple group S define 1{S) to be the largest integer 
I such that S contains a copy of Alt{l). 

Theorem 4. Let 

oo 

6 = n si'"' 

n=l 

be a Cartesian product of an infinite family {Sn} of finite simple groups such 
that l{Sn) —^00. If & is topologically finitely generated then it is a profinite 
completion. 

We say that the family {S„} of simple groups has essentially unbounded 
rank if /(S'„) — > oo. Note that if S* is a classical simple group of rank r{S) then 
the ratio l{S)/r{S) is bounded. Thus l{Sn) ^ oo is equivalent to the ranks 
r(S„) tending to infinity. Example^shows that some restriction of this form in 
Theorem 0] is necessary. 

It is easy to see that the product 6 in Theorem 0] is finitely generated iff 
there is c such that f{n) < \Sn\'^ for all n £ N. We shall prove that then C5 
has a frame subgroup T as defined below. Moreover, T can be taken to be 
22(c+ l)-generated. 

Remark. Actually our proof shows the following more general result: 

Let d G N. Suppose that {T„} is a family of finite groups. Assume that each 
T„ is generated by the images of d homomorphisms from the alternating group 
Alt(n) to Tfi. Then the product Y[^=i Tn is a profinite completion of a finitely 
generated group. 

Suppose that a Cartesian product © of alternating groups is topologically 
generated by d elements. In view of Theorem El the following natural question 
presents itself: 

Question 5. /s © the completion of a d- generated residually finite group? 
This seems unlikely but we don't have a counterexample. 
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Our interest in Cartesian products as profinite completions was motivated 
by our search for possible connections between property r and subgroup growth. 
In this setting we ask the following natural (and seemingly difhcult) question: 

Question 6. Is (3 the profinite completion of a finitely generated group which 
has property t ? 

At least some Cartesian products (5 are, namely those 6 = Il^i Alt(n)-''''"^ 
with f{n) < n'°s". See |S] to which this note is a companion. However at 
this time we don't even know whether in general G3 always has a dense finitely 
generated subgroup with r. 

Our proof is based on the idea of frame subgroups of Cartesian products. 
These are defined in Section [3 Theorem 0] is then reduced in Section O to 
proving the existence of a single frame subgroup (namely Theorem 1 12f) . This 
is the main technical difficulty and it is done in Section 0] using some results of 
the first author in 

Notation 

• Alt(n) (resp. Sym(n)) is the alternating (resp. symmetric) group on n 
letters, 

• [a, 6] is the set of integers between a < b, 

• The elements of a Cartesian product HnG/ groups are denoted by 
(an)nG/ or just by (a„)„ when there is no possibility of confusion (each 

On S Sn)- 

2 Frame subgroups 

Let © = Sn be a Cartesian product of finite groups. 

Definition 7. A finitely generated subgroup G < & is a, frame for & if the 
following hold: 

(a) G contains Sn- 

(b) The natural surjection G ^ & is an isomorphism. 

One can think of condition (a) as saying that G is a good approximation of 
6 from 'within' while condition (b) says that G approximates very well S from 
'above'. 

More precisely, for a finite subset y C N of integers define the V -principal 
congruence subgroup Gy to be the kernel of the projection of G onto Jlney Sn- 
Let G{V) be the projection of G onto &{V) := Hn^v Sn- The m-th principal 
congruence subgroup Gm is just G|i_ „j} E^^id G{m) :— G({1, . . . 
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Part (a) of the above definition is now equivalent to 

G=ll[Sn]xGv, Gy = Gn ©(!/). 

\nev ) 

Therefore the congruence subgroup Gy can be identified with the projection 
G{V). 

On the other hand, part (b) of Definition [7| says that the profinite topology 
of G is the same as its congruence topology: Every subgroup of finite index in 
G contains a congruence subgroup Gm for some m G N. 

We stress that the existence of even a single example of a frame is far from 
obvious at this stage. 

The following Lemma allows us to find many frame groups provided we 
already know at least one: 

Lemma 8. Let An, Bn < C„, (n G N) be finite groups with C„ = (A„,i?„). 
Suppose that X (resp. Y ) is a frame subgroup of the product 21 — Jl^i 
(resp. *B = W^^iBn) ■ Each of X and Y can be considered as a subgroup of 
C := in the natural way. Then the group 

Z={X,Y) <€ 

is a frame in £. 

Proof: It is clear that Z contains the direct product of C„. Suppose that 
iV is a subgroup of finite index in Z. By hypothesis N contains the m-th 
principal congruence subgroups Xm, Ym for some m. Identifying them with 
X{m),Y{m) in £(m) we see that N contains {X{m),Y{m)) ~ Z{m), which 
under our identification is □ 

It is clear that for every c > 2 Lemma|Slcan be generalized by induction from 
a pair X, F to c frame subgroups Xi , . . . ,Xc satisfying an analogous condition. 

For possible future use we prove the following extension: 

Lemma 9. Let An, Mn, Bn, (n — \,2, . . .) be finite groups such that M„ = 
An X Bn- For each n let &n,i, . . . , 6n,fe be elements in Bn, such that Af„ is 
generated by An and [A„,6„.s] (\ < s < k). 

Suppose that X = {xi, . . . , Xm) is a frame subgroup of the product Jl^i ^n- 
Then X can be considered as a subgroup o/9Jl :— Y[^=i ^'^n in the natural way. 
Define bs = {bn,s)n for s = 1, . . . k. Then the group 

Z = {X, [xj,bs] \l<j<m, l<s<k)<Tl 

is a frame in dJt. 
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Proof: The condition that M„ is generated by An and [An,bn,s], together 
with X > (SAn, easily gives that Z > ®M„. 

Suppose now that if is a normal subgroup of finite index in Z . By hypothesis 
H contains the l-th principal congruence subgroup Xi for some /. Identifying 
it with X{1) in m{l) we see that N contains {X{1), [X{1), n^] \ s = l,...,k) = 
Z(l\ which under our identification is Z;. □ 

3 Reductions 

The following is a corollary of ^3 and [HI, Theorem 1.2: 

Theorem 10. For every m > 5 there is an integer r — r{m) such that if S 
is a finite simple group with 1{S) > r then S is generated by two subgroups 
isomorphic to Alt(m). 

Incidentally this raises the following basic 

Question 11. Is it true that if a finite simple group S contains a copy of 
Alt(m), m > 5 then S is generated by two copies o/Alt(m)? 

Our starting point for Theorem^ is the following 

Theorem 12. For every odd prime p, there exists a 10-generated group Gi 
which is a frame for the Cartesian product 

oo 

W Ah(M„,p), 
n=3 

where Un,p = (p"^" — l){p — l)^"'^- 

This is proved in Section ^ Assuming that we complete the proof of Theo- 
rem 0] in two steps as follows: 

Step 1 

Proposition 13. Given any sequence {Sn} of distinct finite simple groups of 
essentially infinite rank, there is a 22-generated group G2 which is frame for the 
Gartesian product 

00 

6 = n 

n=l 

Proof: Without loss of generality we may assume that Sn are numbered so 
that l{Si) < 1(82) < . . .. 

Assume first that l{Si) > r{3^), where r(m) is the number from ThcoremllUI 

Define a function /i : N ^ N inductively by 
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h{l) = l, 

h{k) is the smallest n > h{k — 1) such that l{Sn) > r{uk), where Uk '■= 

(33(fe+2)_i)/2 = Ufc+2,3. 

The existence of such h{k) follows from the fact that l{Si) oo. 
Set 

h{k)<n<h{k+l) 

Then 6 = UZi Bk- 

For every n e [h{k), h{k + 1)) we have that l{Sn) > r{uk) and therefore by 
Theorem 1 101 the group Sn is generated by two copies of Alt(ufc). In other words 
we have two embeddings 

fn,j : Ah(ufe) Sn, « = 1,2, 

such that Sn = (/„,l(Ah(Mfc)),/„,2(AhK))). 

Now Bk is generated by two copies of Alt(ufc) as follows: 
For j = 1,2 define Pk.j to be the image of 

Alt(ufc) 3 {fn,j{a))n e Bk, {h{k) < n < h{k + 1)). 

Then {Pk,i,Pk,2) is the whole of Bk because it is a subdirect product of 
distinct simple groups. 

Now by Theorem El there are two embeddings, tj {j = 1,2) of Gi into 
OfcLi -Pfe,i such that the images tj{Gi) are frame subgroups. Lemma |S| gives 
that these two copies of Gi embedded in HfeLi ^k — ® via the tj generate a 
frame subgroup G2 for ©. 

In general we can write as & = K x &' where K is a finite product of 
distinct simple groups and & is a Cartesian product of simple groups S with 
1{S) > r{3^). Taking a 20-generated frame G' in & together with 2 generators 
a,b ^ K gives the frame G = (a, 6, G') in ©. □ 

Step 2 

Recall the following well known 

Proposition 14. For any finite simple group S and any integers c, m 6 N such 
that m < |Aut(5)|'^ there exist c+1 embeddings 

f.r.S^S"' (z = l,...,c + l) 

such that 5™ = {fi{S),...Jc+iiS)). 

Proof: It is sufficient to prove the Proposition for the case when m = 
|Aut(5)r. 

Set N = |Aut(S')|. Identify S^ with the sequences (at)t labelled by the 
c-tuples t = (^1, . . . , ic) G Aut(S')'^ of elements of Aut(S'). 
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Now define c + 1 embeddings fi : S ^ S^" by /o : a G S* (a)t for i = 
and for z = 1, 2, . . . c define 

/i : a 1-^ (a*Ot, a e S'. 

We claim that the (c + 1) subgroups Ji[S) generate D: 

By P Exercise 4.3, if M < Hfe^i "^fe ^ subdirect product of isomorphic 
non-abehan simple groups Sk, then there exist indices \ < i < j < n such that 
the projection of M onto Si x S'j is the diagonal subgroup {(a, /(a)) | a G 5^}, 
where f : Si ^ Sj is an isomorphism. 

We have chosen the emebeddings fi such that this is impossible. □ 

We also need 

Proposition 15. For every c G N, every finite simple group S and m > {Sl'^ , 
the direct product D = S"^ is not generated by c elements. 

Proof: Suppose that gi = (5i,fc)fcLi & D, {i — 1, . . . c) are any c elements 
of D. Since m > 151"^ there are two coordinates k ^ k' G {1, . . -m} such that 
9i,k — gi,k' for all i G [1, c]. Therefore gi, . . . ,gc cannot generate D. 

In fact a similar proof shows that D is not c-generated for m > . □ 

Now we can easily finish the proof of Theorem^ 

Suppose © — Y\^^ Sn^^ is topologically finitely generated. 

By Proposition ^| there is a 22-generated group G2 which is a frame in 
n„ Sn- Since 6 is assumed to be finitely generated, by Proposition El there is 
c G N such that 

/(n) < |5„r < |Aut(5„)r, foraUn. 

Now by ProDOsition ll4l for each n = 1, 2, ... we find (c + 1) copies of Sn inside 
the product Sl^"\ which together generate it. By an application of Lemma |S1 
we deduce that there exists a frame subgroup F < 25 generated by (c+ 1) copies 
of G2, and Theorem^ is proved. 

□ 

We conclude this Section with 

Question 16. Does there exists a function f(d) with the following property: 

Suppose that n G N and G is a d-generated finite group, which can also 
be generated by several subgroups isomorphic to Alt(n). Then there exist f{d) 
homomorphisms is : Alt(n) — > G, such that 

G=(imz, |,s=l,...,/(d)). 

If true this will imply the following generalization of Theorem 01 
A finitely generated Cartesian product G„ is a profinitc completion, pro- 
vided that each G„ is generated by subgroups isomorphic to Alt(n). 
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4 Theorem [H 



4.1 Rings and EL3 

In this section we present a construction from |3] which will be necessary for 
Theorem^l By M„ (A) we denote the ring of n x n matrices over a ring A. The 
elementary matrix in Mn{¥p) with entry r ^ Ain position and elsewhere 



is ei^j{a). We write 



,(!)■ 



Let R be the subring of Y\n^^Mn{Vp) generated by the five elements 1 = 
(Id„), a = (a„), a~^,b = (6„) and c = (c„), defined as follows: 

a™ = ei,2 + 62,3 + ■ • • + e„4, = 61,3, c„ = 62,1, i>2. 

Note that i? contains the elements 

d := [b,a"^ba] = (ei,3)„, e [a^^ca, c] = (e3,i)„, 

which together with b and c and 1 generate a subring of i? isomorphic to M^{¥p) 
sitting diagonally in the top left corner of each factor. 

Proposition 17 (^). The ring R contains the direct sum 

00 

0M„(Fp). 

n— 3 

The profinite completion R of R is 

i?=Fpi<;pi]0nAf„(Fp), 

n—3 

Proof: (sketch) 

Let us observe that the commutator [&„, a^'^^ncj^] is non-zero iff n divides 
fc — 1 or + 1. This, together with the simplicity of the ring M„(Fp) implies 
that the ring generated by a, a^^ and b contains the infinite direct sum. 

Let / be an ideal of finite index in R, which contains a^ — 1. Let R = R/J, 
where J = 1 + ®l'l^Mn{¥p). Then in R we have 



b,a ^ba 



b, a 







because 



[b. 



2N 

a-^-iba^+1] C0Af„(F,)c J. 

n—3 



Similar proof gives also that e = 0. The relations 

b = [d,a^ca] , c = [a^ba, e] 
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give that R is an image of F^Cat = ¥p[t,t~'^]/ {t^ = 1) because it is generated 
by a and ^ , which implies that the profinite completion of R has the desired 
form. □ 

The profinite ring U :— ¥p[t,t~^ is the inverse limit of the group algebras 
¥pCn of the cyclic groups C„ for n G N. If proj^ is the projection of R onto U 
then the above argument gives that: 

proj[/(a=^) = t^, projj;(b) = proj[;(c) = 0. 

Definition 18. Let Go EL3(it!) be the subgroup of M^{R) generated by the 
elementary matrices ei_j{r) for 1 < i ^ j < 3 and r G i?. 

Then Gq is generated by the following set of ten elements: 

{e^,J I 1 <iy^J <3} y /:= {ei,2(x) | x G {a, a-\ b, c}} . 
In fact it is easy to see that Gq is generated by the 5 elements 

{ei,2(a), e2,3(a"^), ei,2(b), ei,2(c), g} , 

where 5 is a matrix in SL3(Fp) such that SL3(Fp) = (61,3,(7). 

Since i? is a subring of H^^a ^-^n(Fp) we can consider Go as a subgroup of 

00 00 
nEL3(Af„(Fp))= []SL3„(Fp). 

n— 3 n— 3 

Proposition 19 (f3J). The group Gq contains 

oo 

0SL3„(Fp). 

The profinite completion of Gq is 

oo oo 

ELs{U) © Yl EL3(Af„(Fp)) = lim SL3(FpG„) © J] SL3„(Fp). 

n=3 "6N „=3 

We can say more. Suppose Gq = Gq/H is a finite image of Gq. Then: 
(i) There exists N < [Gq : H] such that we have the following diagram: 

Gq 

/ \ 

SL3(FpG^v) GqIH 

^ ^ / 
Go/-ff = Go 

where H = H ■ ©^^3SL3„(Fp). The map Gq SL3(FpG„) comes from the 
projection R — > FpGjv, sending h and c to 0. 
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(ii) If IT is the map Gq Gq then for each pair of indices 1 < « 7^ J < 3 we 
have 7r(eij(b)) = 7r(eij(c)) = 1, and moreover, Gq is the normal closure of any 
of its elements Tr{eij). 

(Hi) Gq/H = GqxM, where M is a central quotient o/©^^3SL3„(Fp) < Gq. 

Proof: Using Proposition 1171 we can see that the group Go = EL3(i?) has 
the congruence subgroup property (CSP) because EL3(Fp[t, i^^]) has CSP and 
K2{Mn{^p)) is trivial for any n. Therefore the profinite completion of Go is the 
same as the congruence completion which is 

00 

EL3(C/) © n EL3(M„(Fp)). 

n— 3 

This is easily gives (i) and (ii). Part (iii) follows from the fact that G*o contains 

e:L3SL3„(Fp). □ 

4.2 The construction 

The group Go is our first 'approximation' to a frame subgroup. It remains to 
modify it and suppress the 'bad' factor EL3([/) in Gq. 
Let 

D := (ei,3(b),e3,i(c),ei,3(d),e3,i(e)) < Go- 
Then D is isomorphic to a copy of 

00 

SL3(Fp) ~ < Go < n SL3„(Fp) 

diagonally embedded in positions (a, 5) e {l,2n + 2,2n + 3}^ in each factor 
SL3„(Fp). 

We remark that from the Chevalley commutator relations for elementary 
matrices it follows that ei_2(d) and ei_2(e) are each in the normal closure of 
{ei,2(b), e2,i(c)) in Gq. Therefore, the projection of D in the 'bad' factor EL3(J7) 
of Go is trivial, by Proposition^] (ii). 

Define q := G D where <?„ G SL3„(Fp) is the diagonal element with 
entries all 1 except —1 in positions 2n+2 and 2n+3 on the diagonal of SL3„(Fp). 
It is clear that q commutes with the element v := ei^2 = (ei,2(Id„)) G Go- 

Recall that Un,p = (p'^" — l)/(p— 1). We will use the following crucial Lemma: 

Lemma 20. For every n > 2 there exist two homomorphisms i' = z^, i" = i'^ 

of K := SL3„(Fp) into Alt(u„^p) such that 

l"{q)-H'{vy{q) = l'{vr\ l'{qrH"{vy{q) = l" {vy' 

(1) 

and {i'{K),i"{K)) = Ah(u„,p). 
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Assuming this we can prove Theorem II 21 

Set Sn Alt(M„_p). Consider the two homomorphisms 

oo oo 

E', E" : n SL3„(Fp) ^ 21 J] 

n— 3 n— 3 

given by (g„)„ i~> (j^(grO)n and (g„)„ i-> («''(.9„))«. 

Set Gq = £;'(Go),Go £;"(Go). For an element a e Gq we shaU write a' 
(resp. a") for E'{a) G Gq (resp. E"{a) G Gq) and do the same for subgroups of 
Go. 



Definition 21. Set G = Gi := (GJ,, GJ,') < 21. 

We shall prove that Gi is a frame subgroup for 21. 

The group Gi contains ©^s^n, because each copy of Gq contains the 
infinite direct sum of the images of SL3„(Fp) in 5*7^ . 

Suppose now that Gi/H is a finite quotient of G = Gi. By Proposition 1191 
(i) applied to Gg and Gq, there exists an integer N < [Gi : H] such that if 

N 

n— 3 

then G = Gi/H is generated by G^ = G'„/H' and g|,' = G'^/H" which are 
images of SL3(FpGAr). 

By Proposition El (ii) the images of eij (b) and eij (c) in Gq and Gq are 
trivial. In particular the group D is in the kernel of both tt' — tt o E' and tt" = 
TT o E" , where tt is the projection G ^ G. This implies that Tr'{q) — 7r"(q) = 1. 

By Q the following relations hold in G: 

E'{q)-^E"{v)E'{q) = E"{v)-^ E"{q)-^E'{v)E"{q) ^ E' {v)~^ . 

Therefore we have 

TT'{q)'^Ti"{v)TT'{q) = 7r"(v)-l tt" {q)-^ tt' {v)tt" {q) = tt' {v)-^ . 

These, together with 7r'(g) = 7r"(g) = 1 and v'p ^ \ imply that tt'{v) = tt"{v) = 
1. The last two elements normally generate G' and G", therefore these groups 
are trivial. This shows that G = {1} , i.e., G ^ H. Sn- Now G > ©^^aS'^, 
hence H contains the congruence subgroup Gm and so G is a frame. □ 
Theorem II 21 is now proved modulo Lemma 1201 
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4.3 Proof of Lemma nU\ 



Consider the action of SL3„(Fp) on the set P of Uj,.„ points of the projective 
plane ¥{V), where V = F^". 

This gives the homomorphism i' : SL3„(Fp) — > Alt(uj3 „) —: S. The element 
g is a diagonal element with two eigenvalues —1 and so q' = i'{q) G 5 is an 
involution which fixes (p'^""^ + — 2)/{p — 1) points of P. The element v' = 
i'{v) = i'{ei^2) has order p and we see that it moves a set AI C P consisting 
of mp points in m = {p^" — p'^^'-)p~^{p — p-cycles. Of these p-cycles m/p'^ 
are pointwise fixed by q' and the rest are swapped by q' . Recall that v' and q' 
commute. 

The essential point now is that exactly 1 /p'^ of the p-cycles of v' are fixed by 
the involution q' and the rest are 'swapped'. Without loss of generality we may 
assume that the set M of points moved by v' is arranged in N = m/p^ cubes 
of size p each, say 

N 

M = U B„ B, = {h{j,k,m) I 3,k,m G [0,p)}. 

1=1 

We may assume that v' acts on M by a shift of the first coordinate k, m) 
hi{i + 1, /c, m), while qi restricted to M acts by 

h{j,k,m) ^ b,{j,-k,-m) Vie [l,N], j,k,m(E [Q,p). 

The indices j, fc, m are taken mod p everywhere. 

Let a G Sym(P) be defined on M as the cyclic shift 

bi{j,k,m) ^ bi{k,m,j) 

and on P \ M as the the identity. 

Consider q" = {q'Y and v" = v"^ . Then q" acts by a shift of the second 
coordinate, while v" acts as the reflection in the 1-st and 3-rd coordinates. An 
easy calculation now shows that the conditions ^ hold. 

So we can define 

i" : SL3„(Fp)^5, i"{x)^{i'{x)r 

provided {{K'y,K') ^ S. 

It is enough to show that {K'y ^ K': 

By 12] if K' is contained in a proper subgroup H < S — Alt(up^„) then 
H < Ns{K'). Assuming K" = i"{K) = {K'Y ^ K' then K" certainly does 
not normalize K' and so {K' , {K'Y) = S. 

Now suppose that a defined above normalizes K' . Replace a with a' = aa 
where a is a transposition which centralizes both q' and v' . For example we can 
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take a to be any transposition moving points of P fixed by both q' and v': there 
are (p2»-2 +^2 _ 2)/{p _ i) of them. Then {v'Y' = {v'Y , {q'f' = {q'Y and 
if a' normaHzes K' then so does a. However, in that case {K',a) is a proper 
primitive subgroup of Sym(P) containing a transposition, which is impossible. 

□ 
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